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$R$ , $F$ $G$ $R$ [x] 1 . .
1( (PRS))
$F$ $G$ $R$ [x] 1 , $m,$ $n$ ( $m>n$ ) . ,
$P_{1}=F$, $P_{2}=G$ , $\alpha$i $P_{i-}2$ $=q_{l}-{}_{-1i-1}P+\beta$ i $P_{i}$ $(i=3, \ldots, l)$ , (1)
$\alpha$i, $\beta i\in R$ , $\deg(P_{i-1})>\deg(P_{i})$
$(P_{1}, \ldots, P_{l})$ $F$ $G$ (PRS) , $\mathrm{p}\mathrm{r}\mathrm{s}(F, G)$
, $((\alpha_{3}, \beta 3)$ , .. ., ($\alpha\iota,$ $\beta$l) $)$ $\mathrm{p}\mathrm{r}\mathrm{s}(F, G)$ division rule $\mathrm{A}\mathrm{a}$ (von zur Gathen and L\"ucking [16]
) $P_{l}$ , $\mathrm{p}\mathrm{r}\mathrm{s}(F,G)$ (complete) (Knuth[9] ) 1
$F$ $G$ , , $F$ $G$
(GCD) , , $\gamma\in R$ $P\iota=\gamma\cdot \mathrm{g}$cd(F, $G$) ,
, $P_{l}$ $\frac{d}{dx}P$l . ,
$\mathrm{p}\mathrm{r}\mathrm{s}$( $P_{l}$ , $\frac{d}{dx}P$l) , 1 ,
ffl . , $\text{ ^{}-}$
“ ” , .
, “ ” .
2( )
$F$ $G$ 1 . ,
$P_{1}^{(1)}=F$, $P_{2}^{(1)}=G$ , $P_{l_{1}}^{(1)}=\gamma$1 $\mathrm{g}\mathrm{c}\mathrm{d}(P_{1}^{(1)}, P41))$ , $\gamma 1\in R$ ,







$\mathrm{g}\mathrm{c}\mathrm{d}(P_{1}^{(k)}, P_{2}^{(k)})$ , $\gamma’\in R$ ,
$(P_{1}^{(k)}, P_{2}^{(k)}, . .., P_{l_{k}}^{(k)}.)=\mathrm{p}\mathrm{r}\mathrm{s}(P_{1}^{(k)}, P_{2}^{(k}))$ , $k=2,$ $\ldots,$ $t$
$(P_{1}^{(1)}, \ldots, P_{l_{1}}^{(1)}, P_{1}^{(2)}, \ldots, P_{l_{2}}^{(2)}, \ldots, P_{1}^{()}’, \ldots, P_{l_{t}}^{(0})$ $F$ $G$
(recursive $PRS$) , rprs(F, $G$) . , $((\alpha_{3}^{(1)}, \beta_{3}^{(1)}),$ $\ldots,$ $(\alpha_{l_{t}}^{(t)}, \beta_{l_{t}}^{(t)}))$ rprs(F, $G$)
division rule . $P_{l_{t}}^{(t)}$ , rprs(F, $G$) (complete) . 1
3
$F$ $G$ $R$ [x] .
$F(x)=f_{m}$x$m+\cdot..+f_{0}$x0, $G(x)=g_{n}x^{n}+\cdots+$ gOx0, $m\geq n>0$ . (3)
, , (
) ( von zur Gathen and Liidcing [16]
)
3( )
$F$ $G$ (3) , $(P_{1}^{(1)}, \ldots, P_{l_{1}}^{(1)}, \ldots, P_{1}^{(t)}, \ldots, \mathrm{P}_{t}^{(t)})$ $F$ $G$
(cf. 2) . $k=1,$ $\ldots,$ $t$ $i=1,$ $\ldots,l$k , $n_{i}^{(k)}=\deg(P_{i}^{(k)}),$ $j_{0}=m,$ $j_{k}=n_{l}^{(k)}$
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, $(k,j)$ ( $k=1,$ $\ldots,$ $t$ , $j=j_{k-1}-2,$ . . . , 0) , $M^{(k,j)}$ (F, $G$ )
.




, $F$ 1 ,. . . , $n-j$ $G$ $n+1$ ,. . ., $m+n-j$
.
2. $k>1$ , M( ) $(F, G)$ .
(a) M(I-I, -I)(F, $G$) $j_{k-1}+1$ $M_{U}^{(k-1,j_{k-1})}$. . , $M_{U}^{(k-1,j_{k\cdot-1})}$
$(j_{k-1}-j_{k}-1)$ .
(b) M($k-1$ , -l) $(F, G)$ $j_{k-1}+1$ $M_{L}^{(k-1,j_{k-1})}$ , $M_{L}^{(k-1,j_{k-1})}$. $j_{k-1}+1-\tau$
$(\tau=j_{k-1}, \ldots, 1)$
$\tau$ , $M_{L}^{(k-1,j_{k-1})}’$. . , $j_{k-1}-j-1$
$M_{L}^{(k-1,j_{k-1})}$
. 1 , $j_{k-1}-j$
$M_{L}^{(k-1,\mathrm{j}_{k-1}}$
’
, 1 $M_{L}^{(k-1,j_{k-1})}$. 1
, 1 .
, $M^{(k,j)}(F, G)$ $F$ $G$ $(k,j)$ . 1
4( )
$F$ $G$ (3) . ( $P_{1}^{(1)},$ $\ldots,$ $P$l(11), ..., $P_{1}^{(t)},$ $\ldots,$ $P_{l_{t}}^{(t)}$ ) $F$ $G$ $\llcorner$ .
$j_{0}=m,$ $j_{k}=n_{l}^{(k)}$ $(k=1, \ldots, t)$ . $j=j_{k-1}-2,$ $\ldots,$ $0$ $\tau=j,$ $\ldots,$ $0$ , $M^{(k,j)}(F, G)$
$(m+n-2j_{1}) \{\prod_{\mathrm{t}=2}^{k-1}(2j_{l-1}-2j_{l}-1)\}(2j_{k-1}-2j-1)-1$ $(m+n-2j_{1}) \{\prod_{t=2}^{k-1}(2j_{l-1}-2j\iota-$
$1)\}(2j_{k-1}-2j-1)+j-\tau$ $M_{\tau}^{(k,j)}=M_{\tau}^{(k,j)}$ (F, $G$) ( $M_{\tau}^{(k,j)}$
) ,
$\overline{\mathrm{s}}$k,j(F, $G$) $=\det(M_{j}^{(k,j)})x^{j}+\cdot..+$ det(M5k,j) $)$xo(5)




4 . $k=1,$ $\ldots,$ $t$ $i=1,$ $\ldots,$ $l$ k , $c!^{k)}.=1\mathrm{c}(P_{\dot{l}}^{(k)})$
, $k=1,$ $\ldots,$ $t$ $i=1,$ $\ldots,$ $l_{k}-1$ , $d_{i}^{(k)}=n_{i}^{(k)}-n!_{+}^{k\rangle}$. 1 . , $k=1,$ $\ldots,$ $t$ -l
XV-3
100
$j=j_{k-1}-2,$ . . . , 0 ,
$u_{k,j}=(m+n-2j_{1}) \{\prod_{l=2}^{k-1}(2j_{l-1}-2j\iota-1)\}(2j_{k-1}-2j-1)$, $u_{k}=u_{k.j_{k}}$ ,
$B_{k}=(c_{l_{\mathrm{t}}}^{(k)})^{d_{l_{k}-1}^{(k)}-- 1}. \cdot\prod_{\downarrow=3}^{l_{k}}\{(\frac{\beta_{l}^{(k)}}{\alpha_{l}^{(k)}})^{n^{(k|}-n^{(k)}}l-\cdot 1\downarrow.\cdot..-k(c_{l-1}^{(k)})^{(d_{l2}^{(k)}+d_{I-1}^{(k\rangle})}-(-1)^{(n_{l2}^{(k)}-n_{\mathrm{t}_{\iota}}^{(k)})(n_{l-1}^{(k\rangle}-n_{\iota_{k}}^{(k)})}..\cdot...\}$
(6)
, $k=2,$ $\ldots,$ $t$ $j=j_{k-1}-2,$ $\ldots,0$ ,
$b_{k,j}=2j_{k-1}-2j-1$ , $b_{k}=b_{k,j_{k}}$ , $r_{k,j}=(-1)^{(u_{k-1}-1)(1+2+\cdots+(b_{k.g}-1))}.$ , $r_{k}=r_{k,j_{k}}$. (7)
$\langle$ .
$R_{1,j}=1$ , $R_{k,j}=$ $((\cdots((B_{1}^{b_{2}}\cdot r_{2}B_{2})^{b_{3}}\cdot r_{3}B3)b_{4}...)b_{k-1}. .r_{k-1}B_{k-1})^{b_{\mathrm{t}}}$ ..j . $r_{k,j}$ $(k>1)$ (8)
. ,
$\overline{\mathrm{S}}$k,j(F, $G$) $=0$ for $0\leq\sim<n$” (9)
$\overline{\mathrm{S}}_{k_{1}n}\cdot(!^{k)}F,G)=P_{1}^{(k)}.(c_{i}^{(k\rangle})^{d_{i-1}^{(k)}-1}.R_{k,n}!^{k)}$
$\cross\prod_{l=3}^{1}\{(\frac{\beta_{l}^{(k)}}{\alpha_{l}^{(k)}})^{n_{\mathrm{I}-1}^{(k\rangle}-n_{i}^{(k)}}..(_{\mathrm{C}_{l-1})^{(+d_{l-1}^{(k)})}(-1)^{(-n}}^{(k)!^{k)})(-n_{}^{(k)})}d_{l-2}^{(k)}.n_{l-\underline{\mathrm{O}}}^{(k)}..\cdot n_{l-1}^{(k)}..\},$ $(10)$












$a_{n},$ $\ldots$ , $a_{0}$ , $F(x)=0$
.
4.1 Sturm
1 , Sturm [17] .
, Sturm .
, . , Sturm , division rule
$(\alpha_{i}^{(k)},\beta_{i}^{(k)})=(1, -1)$ , $F(x)$ $\frac{d}{dx}F(x)$ .
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$‘ {}^{\mathrm{t}}F$(x) Sturm r o . $F(x)=F_{1}(x)^{1}F_{2}$ (x)2. . . $F_{t}$ (x)t( , $i$ $j$ , $F_{i}(x)$
$F_{j}(x)$ ) , $F(x)$ Sturm .
$L_{1}=$ $(P_{1}^{(1)}=F, P_{2}^{(}.1)= \frac{d}{dx}F,$ $\ldots$ , $P_{l}$t1) $=\mathrm{g}\mathrm{c}\mathrm{d}(P_{1}^{(1)}, P_{2}^{(1)}))$ ,
$L_{2}=(P_{1}^{(2)}=P_{l_{1}}^{(1)}, P_{2}^{(2)}= \frac{d}{dx}P_{l_{1}}^{(1)}, \ldots, P_{l\underline{\mathrm{o}}}^{(2)}=\mathrm{g}\mathrm{c}\mathrm{d}(P_{1}^{(2)}, P_{2}^{(2)}))$,
(14)
$L_{t}=$ $(P_{1}^{(t)}=P_{l}(t-1),(P_{2}t)-1= \frac{d}{dx}$ P($t-1$ )$-1’\ldots$ , $P_{l_{\ell}}^{(t)}=$ (const.) $)$ .
, $L_{j}$ $(j=1, \ldots, t)$ Sturm , $F$ (x) $F_{j}\cdots F$t
. , , $F$(x)
[2].
, 1 $||.||$ . $F(x)$ ,
, $F$(x) Sturm . ,
Sturm , $F$(x)
Sturm $P_{\dot{l}}^{(k\rangle}$ , ,
.
1. : $||P_{j}^{(k\rangle}||<<1$ , Pi(\sim 0
2. : $|1\mathrm{c}(P_{i}^{(k)})|\ll 1$ , $|1\mathrm{c}(P_{1}^{(k\rangle}.)|$ 0 ?
1. ( 2. Terui and Sasaki [15] ) $F$ (x)
$\langle$ [13], Sturm .
Sturm $||P_{i}^{(k)}||<<1$ $P_{\dot{l}}^{(k)}$ $\mathrm{g}\mathrm{c}\mathrm{d}(P_{1}^{(k)}, P_{2}^{(}’)$
. $P_{i}^{(k)}$ , 1 GCD (Corless et al. [5], Emiris
et al. [6], Sasaki and Noda [12] ) . , $P_{i}^{(k)}=\mathrm{g}\mathrm{c}\mathrm{d}(P_{1}^{(k)} , P_{2}^{(k)}),$ $j=\deg(P_{\dot{2}}^{(k)})$
, $F$ (x) $\frac{dF}{dx}$ $(k,j-1)$ 0 , $(k,j-1)$
, ,
, $P_{i}^{(k)}$ .
(Golub and Van Loan [7]
) . $P_{i}^{(k)}$ $M_{j}^{(k)}(F, \frac{d}{dx}F)$
, 0 $P_{i}^{(k)}=0$ . (1 GCD ,
Corless et al. [5], Emiris et al. [6], Rupprecht [11]
.)
4.2
, $F$(x) $\frac{d}{dx}F(x)$ $\text{ }|$
, . CPU Pentium III lGHz, $\mathrm{O}\mathrm{S}$ Linux 2.4.18 .





$\frac{\prime R\backslash \text{ }(k,j)\ovalbox{\tt\small REJECT}’ \mathrm{J}\backslash \mathrm{f}\not\simeq \text{ }\int\llcorner \mathrm{g}}{(1,12)5.94437\mathrm{x}10^{-6}}$ $. \frac{\beta \mathrm{g}\mathrm{b}\text{ ^{}\backslash },R\text{ }(k,j)\ovalbox{\tt\small REJECT}’ \mathrm{J}\backslash \#\yen \text{ }\mathrm{f}\mathrm{f}\mathrm{L}}{(1,12)5.94437\mathrm{x}10^{-6}}$
$(1, 11)$ 1.98301 $\mathrm{x}10^{-15}$ $(1,11)$ 1.98301 $\mathrm{x}10^{-15}$
$(2, 6)$ 1.43746 $\mathrm{x}10^{-10}$ $(2,6)$ 1.43746 $\mathrm{x}10^{-10}$
$(2, 5)$ 2.00921 $\mathrm{x}10^{-15}$ $(2,5)$ 2.00921 $\mathrm{x}10^{-15}$
$(3, 2)$ 8.21743 $\mathrm{x}10^{-14}$ $(3,2)$ 8.21743 $\mathrm{x}10^{-14}$
$(3, 1)$ 1.63332 $\mathrm{x}10^{-15}$ $(3,1)$ 1.63332 $\mathrm{x}10^{-15}$
$(4, 0)$ 2.26162 $\mathrm{x}10^{-15}$ $(4,0)$ 2.26162 $\mathrm{x}10^{-15}$
1: $F\Leftarrow$ ) $\frac{d}{dx}F(x)$ 2: $F$ (x) $F^{(k)}(x)$
$M_{j}^{(k)}$ $(F, \frac{d}{dx}F)$ . $N^{(j)}$ (F, $F^{(k)}$ ) .
$F(x)$ . $F(x)$ $\frac{d}{dx}F(x)$ $(1, 11)$ , $(2, 5)$ ,
$(3, 1)$ 0 , .
, $F(x)$ $\frac{d}{dx}F(x)$ ,
. 1 . $(1, 11)$ , $(2, 5)$
, $(3, 1)$ , ,
. , 12) , $(2, 6)$ ,
$(3, 2)$ , $(4, 0)$ , 0 , 0
, , $(2, 6)$ , $(3, 2)$ , $(4, 0)$ , $(3, 2)$ ,
$(4, 0)$ $(3, 1)$ .
, $F$ (x) $k$ $F^{(k)}(x)$ ( ) .
2 , ( $N^{(j)}(F, F^{(k)})$ $M_{j}^{(k)}(F, \frac{d}{dx}F)$
, $F$ (x) , $F$ (x) , $k>1$
$N^{(j)}$ (F, $F^{(k)}$ ) [8, Example 3].) , $k$
, ( 2 (1, 12), (2, 6), $($3,2), $($4,0) )
( 2 (1, 11), (2, 5), (3, 1) ) ,
.
, 1 8144 , 2 0.02 . 1
$M_{0}^{(4)}$ $(F, \frac{d}{dx}F)$ 3465 , 2






. , Sturm ,
. , $k$
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